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In this paper we study the interaction of a viscous fluid with an elastic 
solid. Of particular interest are the eigenmodes of the coupled system. 
Starting from the Navier-Stokes equations for the fluid and the linear 
elasticity equations for the solid, we derive the linear equations 
governing the motion of the system. It is shown how a variational 
formulation of the problem may be obtained by re-scaling the displace- 
ment unknowns. The finite-element technique is then used to discretize 
the equations. The resulting quadratic eigenvalue problem is solved by 
means of an inverse iteration procedure. 0 1992 Academvz Press, Inc 

1. INTRODUCTION 

The coupled motion of a fluid and a flexible structure is 
an important problem which occurs in various engineering 
applications. This is exemplified by the vast amount of 
literature which exists dealing with various types of 
fluid-structure interaction problems. The literature can be 
divided into two main areas, namely, papers dealing 
with non-linear fluid-structure interaction problems and 
papers dealing with the linearized problem. We will not be 
concerned with non-linear interaction problems; for work in 
this area the reader is referred to Liu and Chang [ 1 ] among 
many others. 

Regarding literature dealing with linear fluid-structure 
interaction problems a further subdivision is possible. We 
identify the class of papers in which the governing equations 
are solved using numerical integration techniques to 
evaluate the time-dependent motion of the fluid and the 
solid and, on the other hand, there are papers in which the 
time-dependent problem is transformed to a problem in a 
frequency domain. In this paper we will restrict ourselves to 
the latter class of problems; for an overview of the former 
the reader is referred to Belytschko [2]. 

When dealing with the linear fluid-structure interaction 
problem in a frequency domain one is interested in the 

* Present address: D.A.M.T.P., Silver Street, CB3 9EW Cambridge, 
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influence of the fluid on the eigenmodes of the structure and 
vice versa. Also of interest is how the structure is deflected 
when the fluid oscillates in one of its eigenmodes and what 
happens when one of the principal eigenmodes of the fluid 
is near a principal mode of the structure. In Table I an over- 
view is given of some fluid-structure interaction papers in 
which eigenmodes of the coupled system are considered. In 
the papers the general emphasis is on calculating modal 
deflections and eigenfrequencies of the structure. The fluid 
motion resulting from modal vibrations of the structure has 
been investigated by Hamdi et al. [7] and Schulkes [12]. 
We note that a variety of models for the structure-part of the 
problem have been used. On the other hand, the fluid-part 
of the problem has been dealt with mainly by neglecting 
viscous effects. When damping characteristics of the fluid- 
structure system are to be investigated, viscosity is, 
however, important. Su [9] argues, in addition, that the 
hydrodynamic forces on the structure due to the boundary 
layer which forms in the vicinity of the structure, may also 
affect vibration characteristics of the system. For a 
fundamental mathematical treatment of vibrations of 
coupled systems including viscous effects, the reader is 
referred to Sanchez Hubert and Sanchez Palencia [ 131. 

In this paper we will consider the motion of an incom- 
pressible, viscous fluid in an open flexible container. The 
container wall is modelled by an elastic solid. In Section 2 
the problem to be considered is introduced and the 
governing equations are presented. In Section 3 a number of 
qualitative properties of the spectral problem, which results 
from the linearized Navier-Stokes equations coupled with 
the elasticity equations, are derived. We find that three types 
of normal modes exist, namely modes related to free surface 
oscillations, modes related to solid vibrations, and coupled 
fluid-solid modes. The three types of modes have different 
damping characteristics and depend differently on the 
parameters. Section 4 deals with the discrete eigenvalue 
problem obtained after a finite element discretization has 
been applied. The eigenvalue problem is solved using an 
inverse iteration procedure. In Section 5 numerical results 
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Author 

TABLE I 

Fluid model Structure model 

v = p/pf the kinematic viscosity of the fluid. On the free 
surface S we have the conditions that the normal stress in 
the fluid is equal to the outside gas pressure and the gas is 

Miles I31 Inviscid, incompressible 

- - 

Simple beam not able to resist tangential stresses, thus 

Coale C4i 
Boujot [S] 
Berger et al. [6] 
Hamdi el al. 173 
Morand & Ohayon [S] 
su c91 
Deneuvy [lo] 

Inviscid, incompressible 
Inviscid, incompressible 
Inviscid, incompressible 
Inviscid, compressible 
Inviscid, compressible 
Viscous, compressible 
Inviscid, compressible 

Shell 
Elastic solid 
Elastic solid 
Elastic solid 
Elastic solid 

Shell 
Thick plate 
Membrane 

on= -Pp cJr=O. (2.3) 

Here pg denotes the outside gas pressure and cm, cr, denote 
the normal and tangential stresses, respectively. We have 
used the notation 

Capodanno [ 1 l] Inviscid, incompressible 2 2 

Schulkes [ 121 Viscous, incompressible Membrane rsn = 1 op,n,, or= C fsiinizj, 
r,,= I i,j=l 

are presented. The validity of an approximate expression 
due to Tong [14] to obtain symmetric matrices is 

in which ni, zi, i = 1, 2, are the components of the outward 

investigated numerically, and phenomena related to the 
unit normal and unit tangent, respectively, and 

viscosity of the fluid are studied. 

2. PROBLEM FORMULATION 

Consider a region .Q which is divided into two regions Q, 
and 52, such that Q = Q, v 52, and 52, n Q2 = G, as shown 
in Fig. 2.1. Let the region Q, be occupied by a viscous fluid 
and assume that Q, is occupied by an elastic solid. The 
boundary of 52 1, denoted by dQ 1, consists of a free surface 
S, a rigid boundary W,. and the interfacial boundary G, i.e., 
&Z2, = S v W,u G. Likewise, the boundary of Q,, dSZ,, con- 
sists of a rigid part W,, an unconstrained surface F, and the 
interfacial boundary G, i.e., an, = G v W, u F. Further- 
more, let n denote the outward unit normal to 52 and let r 
be the unit tangent to aQ directed counterclockwise from n. 

The equations describing the fluid motion in Q, are the 
Navier-Stokes equations 

g+(“.v)“+~Vp=vv2”+f, (2.1) PI- 
and the incompressibility condition 

v.u=o. (2.2) 

In the above equations u denotes the fluid velocity, p the 
pressure, f the external body force, pr the density, and 

denotes the Cauchy stress tensor. On the free surface we also 
have the kinematic condition 

in which CL(X, t) = n . (x, - x) = 0 is the equation of the free 
surface S (xs is the position vector of S) and D/Dt denotes 
the Lagrangian derivative. On the rigid boundary W, 
the no-slip condition characteristic of viscous flows is 
prescribed, viz., 

u = 0. (2.5) 

The fluid is assumed to be incompressible so that the total 
quantity of liquid, V,, remains constant, hence 

s 
dx= V,. (2.6) 

RI 

Next consider the equations governing the motion of the 
elastic solid in Q,. Assuming linear elasticity relations we 
find, cf. Landau and Lifshitz [ 151, 

s 

e: 

G Ql Wf 

j ~.‘.:,‘:..~..,:.. ‘Z..’ .: . . . 
z 

^ . . . WS 

F 

FIG. 2.1. Schematic diagram. 

where d is the displacement vector of a particle in Q2, ps is 
the density of the solid, and 
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denotes the stress tensor of the solid. E is Young’s modulus 
and CJ denotes Poisson’s ratio. On the fixed boundary W, 
the elastic solid is not displaced so that 

d = 0, (2.8) 

while on the unconstrained surface F the following condi- 
tions are given: 

T,,= -pn, T, = 0. (2.9) 

The same notation as for the stress tensor of the fluid is used. 
Finally consider the conditions on the interfacial 

boundary G. Let n, denote a unit normal to G directed out- 
ward from Q, and let z1 denote a unit tangent to G directed 
counterclockwise from n,. Likewise, n2 is a unit normal 
to G directed outward from Q, and t2 is a unit tangent to 
G in the counterclockwise direction form n2. Demanding 
continuity of stresses across the interfacial boundary G we 
obtain 

rs n, = Tn,, cr, = T,,. (2.10) 

Note that we have used n, , z i to define the normal and 
tangential stresses on G. However, since n, = -n2 and 
t1 = -r2, it follows that the subscripts n,, r1 in (2.10) may 
be replaced by n2 and z2. In addition to the continuity of 
stresses we have the no-cavitation condition; i.e., the fluid 
remains in contact with the solid at all times, hence 

+x)=0, (2.11) 

where xG denotes the position vector of G. 
Solving the non-linear set of Eq. (2.1)-(2.11) is beyond 

the scope of this paper. Let us therefore first consider 
the equations of the static problem after which small per- 
turbations with respect to this static configuration are 
investigated. Putting u = 0 we obtain from (2.1) 

ifVpo=f, (2.12) 

the conditions on So reduce to 

PO= Pg3 (2.13) 

and the conditions on the static interface Go read 

T;, = -p”, T;, = 0. (2.14) 

The elasticity equation becomes 

-V.T’=f, (2.15) 

with the condition on F” 

T;= -pg. (2.16) 

In the above and subsequent equations the superscript 0 
refers to static parameters. Equations (2.12 k( 2.16), 
together with the volume constraint (2.6), completely define 
the pressure at any point in the fluid, the stresses in the 
solid, and the static configuration of the boundaries F”, Go, 
and So. It will be evident that solving (2.12)-(2.16) is a non- 
trivial problem even for simple configurations. We will not 
attempt to solve this problem but assume, instead, that a 
static configuration is given. 

We take f= -gf, where k is the unit vector pointing 
along the positive y-axis and g the gravitational accelera- 
tion. Surface tension effects on So are neglected so that the 
free surface is flat and perpendicular to the y-axis. Let us 
now perturb the static configuration such that the position 
vectors of S and Fare given by 

and 

x,=x@+d,. 

Here ‘1 is the small normal displacement from So, n, is a unit 
normal to So, and d, is a small displacement from the static 
interface. Substituting the above expressions for xs and xG 
into (2.4) and (2.1 l), using the steady state relations 
(2.12t(2.16), and neglecting quantities which are of 
second-order smallness, we obtain the linearized equations 
governing the motion of the fluid and the elastic solid. In 
dimensionless form we have for the fluid 

au -$+vp=&v2u 
in QT, (2.17) 

fsr = 0 
aq 

-=z 

on So, (2.18) 

for the solid 

u=O on W,, (2.19) 

$=EV.T 
T,, = 0, T, = 0 on F”, (2.21) 

d=O on W,, (2.22) 
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and for the interface 

0 ,,,=,!?rPT,,,-fi.d, 

or1 = b, T,, 

ad,- 
at -u 

on Go. (2.23) 

In the above equations, Re = UL/v denotes the Reynolds 
number (L is a length scale and U = & is a velocity 
scale), rp = p*/p,.is the ratio of densities of the solid and the 
fluid, and E= E/p, gL is a measure of the ratio of elastic 
bending forces and gravitational forces. 

of the form e”‘, where A is in general some complex quantity. 
Employing the Green formulas (3.1) and (3.2) and 
substituting the boundary conditions on aa: and &2: 
we obtain the variational formulation of equations 
(2.17)-(2.23), namely: 

find u E Vi, p E Q, and d E I’, such that for all 
v E T/, , q E Q, and e E V, the following equations are 
satisfied: 

I JAu.v-pV.v)dx+&(u,v)+~jL~ou.u,dc 
1 

3. VARIATIONAL FORMULATION AND 
THE SPECTRAL PROBLEM 

-J^ [(~r:r,T,,-r;.d)u,,+~r’r,T,,u,,]ds=O, 
co 

(3.3) 

Equations (2.17) and (2.20) subject to boundary condi- 
tions (2.18) (2.19) and (2.21)-(2.23) will be written in a 
variational formulation. To that end the following Green 
formulas are used: for the Stokes equations, 

in which 

x1=x,x*=y, 

- 
I (3.6) cu (,!?T,,e,, + ET,,e,,) ds = 0. 

We have introduced the spaces of vector functions I’, = 

(3.1) IUEs21 
‘:u=O on Wr}, I’,= (dESZ::d=O on W,} and the 

space of scalar functions Q = {q E rZy>. The functions in Vi, 
V,, and Q must be so smooth that the integrals (3.3)-(3.6) 
exist. Observe that Eq. (3.3) and (3.6) both contain integrals 
over the interfacial boundary Go in which normal and 
tangential stresses appear. The terms containing the stresses 
can be eliminated in the following way. Take Eq. (3.6), 
multiply it by the density ratio rP, and add the result to 
(3.3) giving 

and, for the linear elasticity relations, 

= s fi.edx+&(d,e) a; at2 

4 any @T,,,e,, + ET,& 4 

in which 

,,d,e)=~j~lj~oT~(~+~)dx. 
2 J 1 

s 4 
(Au+pV.v)dx+&(u,v) 

+ YP i 4 
A2d .e dx + r,&(d, e) 

+J s A so 
u,u, ds 

(3.2) - s Go CErJT,, on, + Tn2en2 + T,, u,, 

+T,,e,,)-&.do,,] ds=O. 

By virtue of the fact that n, = - n2 and ti = -t2 on Go, it 
follows that the terms containing normal and tangential 
stresses in the integral over Go cancel when we demand that 

s 4 
qV.udx=O, (3.4) 

Ad=u on Go, (3.5) 

s 4 
A2d. e dx + ,%(a, e) 

Let us assume that the time-dependence of u, p, q, and d is the test functions are identical on Go, i.e., VI G0 = el co. 
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Let us introduce a new variable w, where w is defined as assumes a stationary value equal to zero. We have intro- 
follows: w = u in sZ(: and w = id in Sz:. On making the sub- duced the notation 
stitution for w, it follows that the continuity condition (3.5) 
on the interface is satisfied automatically. Therefore, instead 
of having four unknowns on the interface Go (two com- (Y w),y = jQo Iw12 dx, 
ponents of the velocity and two components of the displace- 

I 

ment), just the two components of w are unknown. The 
variational equations (3.3)-( 3.6) can now be written like 

(w,, wn)so= s so Iw,12 4 

find w E T/and p E Q such that for all functions 0 E P (wn, w,)~o= s etc. 
and q E Q the following equations are satisfied: 

Gnk.n, Iw,,12d~, 

Qo(iw-C-pV4)dx++ea(w,+) i I 

Take @ = 0 and treat the resulting equation as a quadratic 
function in 1,. Solving for I we can derive the following 
qualitative properties concerning the spectrum of the fluid- 
structure interaction nroblem: 

+ TP i 4 
Iw.idx+ir,gb(w,C) (i) If A 

s r&(w, w) + (w,, wJsO+ (w,, wJGo > 0, 
WC,, ds = 0, (3.7) 

SO then problem (3.8), (3.7) is stable with respect to 

I 

infinitesimal perturbations; 

4 
qV.w dx=O, (3.8) (ii) If 

where V = {w E V, u I’,} and P = {v E Vi, e E VZ, 
VI ~0 = el@}. Note that the test functions 8 are not 
necessarily of the same form in the two domains Qy and 9:. 
All we demand is that the restriction to the interfacial 
boundary Go of the different test functions must be identical. 
Introducing the unknown w is, more or less, natural. 
Namely, had we not changed to dimensionless variables we 
would have found the dimension of w to be equal to length 
(time))’ in both sZ(: and 0:. That is, in the whole of the 
domain we are dealing with velocity unknowns. 

General properties of the spectrum can be derived if we 
are able to write (3.7), (3.8) in the form of a functional which 
has to be minimized. The term containing the integral over 
Go in (3.7) is, however, non-symmetric which means that 
Eq. (3.7), as it stands, can not be written as a minimization 
problem. To overcome this difficulty we apply the so-called 
Tong-hypothesis [ 141, i.e., we assume that &. w may be 
replaced by (k . n,)( w . ni ). Note that when the unit normal 
n, is parallel to f the Tong-hypothesis is satisfied identi- 
cally; in all other cases it is an approximation of ques- 
tionable validity. Assume for the moment that the Tong- 
hypothesis is a reasonable first-order approximation. 
Solving Eq. (3.8) and (3.7) is then equivalent to finding 
the pair (w, 2) such that the functional 

@(w, 1) = A’((w, WI,:,+ r,(w, w),;) + 2 t 4w, WI 

& a(~, wJ2 2 4C(w, WI,:, + rp(w, w),;l 

x Cr,Ww, w) + (w,, w,),9 + (w,, w,bl, 

then the eigenvalues corresponding to the eigenfunctions w 
are real and negative, which corresponds to an aperiodic 
damping process; 

(iii) If 

& a(~, w)’ < 4C(w, w),y + r,(w, WLql 

x Cr,ENw, w) + (w,, wJso + (w,, wJGoI, 

then the eigenvalues are complex, occurring in complex- 
conjugate pairs. The real part of the eigenvalues is negative 
so that the oscillations are damped. 

The stability condition (i) hinges on the positiveness of the 
various terms. One can easily show that the bilinear form 
h( ., .) is V-elliptic, i.e., 

b(w, w)>a llwll’, forall WE V,,~ER+, 

when the Poisson ratio IJ < 4. Since (w,, w~)~o 2 
-fGo lw,l’d s 1 ‘tf 11 o ows that (i) will always be satisfied when 

r,EHw, w) + (w,, w,Jso > J@ Iw, I2 ds. 
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Hence, provided b( ., .) is V-elliptic we find that stability is 
guaranteed if ,!? is sufficiently large, that is, if the solid is suf- 
ficiently rigid. We note that if the solid rests upon the liquid 
then (w,, w,,)~o B 0 so that I/-ellipticity of b( ., .) is sufficient 
to guarantee stability. The damping of the normal modes is 
characterized by the term (l/Re) a(w, w) which is propor- 
tional to the energy dissipation due to viscous effects. This 
is the only source of damping, since we have not included 
damping effects in the structure in our model. 

Schulkes [12] has shown that in the case where the 
structure is modelled by a membrane there exist two types 
of oscillation modes, namely free-surface modes and struc- 
tural-vibration modes. The free-surface oscillation modes 
were characterized by a significant displacement of the 
free-surface while the membrane was deflected only slightly. 
Membrane-vibration modes, on the other hand, are charac- 
terized by a significant displacement of the membrane while 
the free-surface is not necessarily effected significantly by the 
membrane motion. In order to investigate the properties of 
the eigenmodes in this paper we assume that it is also 
possible here to make the distinction between free-surface 
and structural-vibration modes. 

Let us, first assume that normal modes exist such that w 
in Szt is small. Neglecting all terms which refer to quantities 
in Szt we obtain 

( 

- (l/Re) 4w, w) 

* > 
i= 

(l/Re’) 4w, w)* -4(w, win:, (w,, w,)9 

2(w, 40’: 

(3.9) 

Equation (3.9) is the expression for the eigenfrequencies 
of a viscous fluid in a rigid container in terms of the 
corresponding eigenfunctions, cf. Kopachevskii and 
Myshkis [ 161. 

Assume, alternatively, that eigenmodes exist with 
corresponding eigenfunctions such that w in Szy is small. 
Neglecting terms in the discriminant which refer to 
quantities in SzT we obtain 

4% WI 
A = - 2Re r,(w, w),; 

*iB(w, w)/(w, w),;. (3.10) 

Im(1) in (3.10) can readily be shown to be equivalent to the 
Rayleigh quotient for the case of a solid which experiences 
unconstrained vibrations. The eigenvalues given by (3.10) 
correspond therefore to eigenfunctions which represent 
structural vibrations which effect the fluid only slightly. 
Since w is assumed small in Szy it follows that Re(l) is small 
and hence the corresponding modes are weakly damped. 

Finally, consider the case in which Re is large so that only 
terms to first order in l/Re need be retained. Assume that 
normal modes exist such that on the interface Go the fluid 

and structure are displaced significantly while the free 
surface remains relatively undisturbed; i.e., we can neglect 
(w,, w,)$. Assume, in addition, that r,Eb(w, w)$ 
(w,, w,)@ which can be achieved by choosing E sufficiently 
large. Under the above assumptions il is approximated by 

1” = 
-a(w, WI 

2ReC(w, w),y + r,,(w, w)n;l 

&i Jr,Eb(w, w)/((w, w),y+r,(w, w)~;). (3.11) 

Since Im(n) N & it follows that the eigenmodes in (3.11) 
are related to structural vibration modes. The fluid inertia 
term (w, w),~ in the denominator of Im(A) in (3.11) is 
of interest. Namely, taking into account the fluid motion 
leads to an extra term in the denominator of Im(n) when 
comparing Eq. (3.10) and (3.11). It follows that the 
imaginary parts of normal modes of a freely-vibrating 
structure are larger than the corresponding modes of a 
structure in contact with a fluid due to the inertia of the 
fluid. This observation is related to the concept of added 
mass, which refers to the procedure (applicable only in 
the case of non-viscous fluids) of eliminating the fluid 
unknowns by adding an inertia matrix to the mass matrix of 
the solid. See, for example, Deruntz and Geers [ 173 and 
Miller [ 181. 

4. NUMERICAL SOLUTION BY THE 
FINITE-ELEMENT METHOD 

Equations (3.7), (3.8) are solved using the finite-element 
technique. The incompressibility constraint will be dealt 
with by using a penalty-function approach; i.e., the varia- 
tional integral (3.8) is written like (cf. Cuvelier et al. [ 191) 

Here, sp is some small penalty parameter, typically 
sp N 10e6. Let us write Eqs. (3.7) and (4.1) in the following 
abbreviated way: 

F(w,, Oj) - P’(p, fii) + E(Wi, fii) = 0, i= 1, 2 (4.2) 

ml4 4) + P’(q, Wl) + P2(q, w2) = 0. (4.3) 

We have used the notation 

F(w,, Cj) =lQo (Aw$;dx) -; a(~,, 17~) 
I 
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wit?, dx + i r,,!%(wi, fii) 
denoted by wt) (i= 1,2) contain unknowns in the nodal 
points on Go and wr) (i = 1,2) contain unknowns refering 

+ f IGo (kiwi)(Gini) ds = 0, 

to nodal points in !C$\G”. Note w;‘, w:‘, and WY’ are 
vectors of length Kf, Kg, and K,, respectively. The explicit 
form of Eq. (4.4) is then given by 

P’(p, Ci) = lay p 2, dx, 
J 

WA 4) = fQo pq dx. 
I 

We note that the functionals F(w,, ti;), Pj(p, I?,), and D(p, q) 
are defined only on the domain occupied by the fluid, i.e., on 
Qy including Go. On the other hand, E(wi, ii) is a functional 
defined only on the domain occupied by the elastic solid, 
i.e., on Sz: including Go. For the construction of the linite- 
element approximation of w andp, we write wi (i = 1,2) and 
p as the sum of usual finite-element basis functions with 
small support. The basis functions for wi, denoted by c,$~(x), 
are divided into three sets. Namely, those which are non- 
zero at nodal points in @\G” (Kf in number) and zero at 
the remaining nodal point, those which are non-zero only at 
the nodal points on Go (Kg in number), and those which are 
non-zero at nodal points in @\G” (K, in number) and zero 
elsewhere. Hence 

Eik4k(X) 
k=l k=K,+l 

K/+K,+K, 

+ c Gikbk(X) 

k=K,+Kp+l 

where the basis functions ~Jx) are non-zero only at the 
nodal points in 52: and on Go (since the pressure is defined 
only in the fluid domain). For the test functions Bi we take 
~Jx) and for q we take x,Jx). The discrete equivalents of 
Eq. (4.2) and (4.3) become, on substituting for wi and p, 

‘F,, 0 FfgO 00 
0 F,, 0 F,, 0 0 

Fti 0 F,, 0 0 0 
0 F& 0 Fgg 0 0 
0 0 00 00 

,o 0 00 00 
I -PTp 

000 0 0 0 
000 0 0 0 
0 0 0 0 + i Egg Ege 
0 0 0 E;, 0 E,, 

0 0 E, 0 Em 0 
0 0 0 E, 0 E,, 

;;2, 

,:2, = 
I 

0 (4.6) 
P 

and the penalized incompressibility constraint can be 
written as 

&Dp+P (4.7) 

The large matrices in Eq. (4.6) are square and of order 
2(Kf+ Kg + K,), the components of the sub-matrices are 
given by 

k=K,+l 

i= 1, 2, n = 1, 2, . ..) f++K,+Ke, 

& ; Dkn~ xn) + K’iKg ElkP1(Xn, dk) 
WI=1 k=l 

(4.4) 
The matrix P in the momentum and the continuity equa- 
tions is a non-square matrix of order 2(Kf+ Kg + K,) x A4, 
with only the first 2(Kf+ K,)-columns containing non-zero 
elements. Thus 

K,+ Kg 

+ ,;, @2kP2(Xn> dk) = O, n = 1, 2, . . . . M. P = (P’, P2, O), 

(4.5) where P” (n = 1, 2) are matrices of order (Kf+ Kg) x A4 with 
components 

Let WY) (i= 1,2) denote the vectors containing the 
unknowns in the nodal points in @‘\G’. The vectors tp”),i= p”(Xi, 4ji,, ldi<M, l<j<K,+K,. 
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The matrix D is square and non-singular so that it may 
be inverted. Hence, the continuity equation (4.7) may be 
solved for the pressure in terms of the velocity unknowns so 
that the pressure unknowns can be eliminated entirely from 
the momentum equation (4.6). 

Substituting the expressions for the functionals F(wi, 6,) 
and E(w,, tii) into the momentum equations, we obtain a 
discrete eigenvalue problem of the form 

where 

(A2A+LB+C)x=0, (4.8) 

( 

Mff MfiT 0 
A = Ma- M,, + M,* M,*, , 

0 M,* M,*, 1 

AK AfiT 0 
B= A, A,, 0 , 

i 1 0 0 0 

St/ Sfi? 0 Wf 

c= s, 

( 

S,+G,+B, B,, , x= wg . 

0 B ‘.z Be, 1 0 WC? 

In the above equations the matrix M is the discrete 
equivalent of the fluid inertia term, the matrix A is that 
of the fluid stiffness term, including the penalty matrix 
( l/.sp) PTD ~ ‘P, and the matrix S refers to the integral over 
the free surface of the fluid. The matrix M* refers to the 
solid inertia term, the matrix G to the integral over the inter- 
face, and the matrix B is the stiffness matrix of the solid. In 
the vector x the components of w,. refer to the fluid 
unknowns not including those on Go, the components of wg 
refer to the unknowns on Go, and the components of w, refer 
to the scaled unknowns in the elastic solid, again excluding 
those on Go. The matrices A, B, and C are of order 
2(Kf + Kg + K,) with A symmetric and non-singular, B sym- 
metric and singular with rank 2(K,+ Kg). The matrix C is, 
in general, non-symmetric (due to the anti-symmetry of G, 
if the Tong-hypothesis is not applied) and it is singular with 
rank equal to 2(K, + K,) + rank(S) (rank(S) < 2Kf, since 
only degrees of freedom on the free-surface So give non-zero 
entries). 

So far we have not discussed the types of elements used to 
discretize the regions Szy and Qi nor have we dealt with the 
particular forms of the basis functions. Regarding the ele- 
ment types we shall restrict ourselves to triangular elements 
in Qy and 0:. For the particular form of the basis functions 
on the triangular elements, we first consider equations 
related to the fluid unknowns in Szy. In the variational for- 
mulation of the Stokes equations (3.1) only first-order par- 
tial derivatives occur, implying that linear basis functions 
for the approximation of wi in Szy are in principle sufficient 

FIG. 4.1. Element for the fluid velocity and pressure (a) and for 
displacement unknowns (b). 

(to ensure continuous differentiability element-wise and 
piece-wise continuity in Qy). However, the obvious demand 
that the velocity approximation be not completely described 
by the continuity equation forces higher order polynomials 
to be used for the basis functions for wi in Szy (cf. Cuvelier 
et al. [ 191). Hence, for the finite-element approximation 
of the fluid velocity and the pressure, the so-called 
Crouzeix-Raviart element is used: the basis functions for 
the velocity are extended quadratic polynomials based on 
seven nodal points (one on each corner of the triangle, one 
in each midpoint of the sides, and one in the centroid), and 
the basis functions for the pressure are linear (one nodal 
point in the centroid and two derivatives), see Fig. 4.la. 

Next consider the finite-element approximation of wi in 
Szi. The variational formulation of the elasticity equations 
contains only first-order partial derivatives so that linear 
basis functions based on the three vertices of the triangular 
element are sufficient to obtain a conforming finite-element 
approximation in Sz;, see Fig. 4.1 b. There are no additional 
constraints which force higher order polynomials to be 
used. Recall that the derivation of the variational form (3.7) 
imposed some conditions on the test functions at the inter- 
face Go. In particular, we demanded that the restriction to 
Go of test functions in Szy and 52: should be identical, i.e., 
v = e on Go. When an extended quadratic polynomial func- 
tion is used for the velocity approximation in ~27 and a 
linear basis function for the (scaled) displacements in @, 
a discretization as depicted in Fig. 4.2 is obtained. We 

FIG. 4.2. Finite-element discretization. 
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note that special element types are required for elements 
which lie in Sz: and have one of their sides in common with 
the interfacial boundary Go. This approach posed some 
problems, since the special elements could not be incor- 
porated easily in the finite-element package we used (see 
Segal [20]). We therefore opted to use quadratic polyno- 
mial functions on triangular elements for the basis functions 
in Qi, thereby automatically satisfying the conditions 
imposed on the basis functions which lie on Go. 

The eigenvalue problem (4.8) is of the type often encoun- 
tered when dealing with structural vibrations. In general, 
one is interested only in the eigenmodes corresponding 
to complex eigenvalues. Of those eigenmodes, the ones 
corresponding to the eigenfrequencies with the smallest 

imaginary parts are generally of principal engineering 
interest. Calculating the whole spectrum would then be a 
wasteful computational exercise. Schulkes and Cuvelier 
[21] found that if only a few eigenmodes are of interest, 
then these eigenmodes can be calculated efficiently using an 
inverse iteration procedure. This procedure will also be used 
in this paper; for details the reader is referred to the 
aforementioned paper. 

5. NUMERICAL RESULTS 

In order to obtain some insight into the types of normal 
modes inherent to the system, we consider the following 

b a 

k 

X4 

e 

X4 

d 

FIG. 5.1. Vector plots of the solution vector corresponding to the first and second free-surface modes (a, b), the first and second transverse structural- 
vibration modes (c. d), and the first and second longitudinal structural-vibration modes (e, f). 
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problem. A rectangular container of length L = 1, height 
h = 1, is half-filled with a viscous fluid with Re = 50. The side 
walls of the container are assumed rigid while the bottom of 
thickness 6 = 0.05 is assumed flexible with E= 100 and 
CJ = 0.25. In Fig. 5.la-f vector plots are shown of repre- 
sentative types of normal modes. The vector plots are made 
of the real parts of the components of the solution vector 
(wr, wR, w,)‘. The first and second free-surface oscillation 
modes are shown in Figs. 5.1 a and b, respectively. Note that 
the free surface of the fluid is displaced significantly, but the 
flexible bottom is not effected noticeably by the fluid 
motion. Figures 5.1~ and d show the first and second trans- 
verse oscillations modes of the structure. Observe that in the 
case of the first transverse mode the free surface of the fluid 
is also deflected significantly; the second transverse mode 
only slightly affects the free surface. In Fig. 5.1 e and f vector 
plots are shown of the first and second longitudinal vibra- 
tion modes. Observe that for the longitudinal modes a 
boundary layer forms in Q 1 near the interfacial surface Go. 

As mentioned, the vector plots in Fig. 5.1 were obtained 
from the solution vector (wr, wg, w,)~; that is, the plotted 
quantities in the solid refer to “velocity unknowns.” We 
observe that the velocity vectors are continuous across the 
interfacial boundary Go. Let us now re-scale the unknowns 
which refer to structured degrees of freedom such that they 

FIG. 5.2. Vector plots of the real (a) and imaginary (b) parts of fluid 
velocity and the (scaled) structural displacements corresponding to the 
second transverse structural vibration mode. 

represent displacement rather than velocity vectors. Instead 
of just dividing the unknowns wg and w, by ,? to obtain the 
vectors d, and d, which contain displacements, we re-scale 
as follows: d, = (121/n) w, and likewise for d,. This is done 
in order to obtain the same order of magnitude for displace- 
ment and velocity vectors ([A) may be large). In all of the 
subsequent vector plots the structural unknowns are scaled 
is this way. Figures 5.2a and b show vector plots of the real 
and imaginary parts, respectively, of components of the 
re-scaled solution vector, corresponding to the second 
transverse structural vibration mode. In Fig. 5.2a we see 
that the elastic bottom is displaced downwards while the 
fluid velocity is upwards. Figure 5.2b shows a downward 
displacement of the elastic bottom; the fluid is directed 
downwards as well. The time-dependent motion of the 
system is a linear combination of the vector plots 5.2a and b. 

The eigenfrequencies corresponding to the various types 
of oscillation modes will be investigated in some detail. 
Regarding the eigenvalues of the free-surface oscillations we 
found that they were hardly effected by the flexibility of the 
bottom; i.e., they are virtually identical if a similarly shaped 
rigid container is used. This is not surprising, since the 
vector plots show no interaction between the fluid and the 
solid, in which case the eigenfrequencies are given by expres- 
sion (3.9). The eigenfrequencies of a freely-vibrating plate in 
a gravitational field are well known, cf. Landau and Lifshitz 
[ 151. For a plate of thickness 6 and length L we have, for 
the longitudinal waves, 

and, for the transverse waves, approximately 

Q=/-‘Zj 1 + 6 E 12(1 -a2)[(2n + l)rc/2L)14. (5.2) 

In Fig. 5.3a we have plotted the imaginary parts of the 
eigenvalues corresponding to the transverse structural 
vibrations. The curve with squares corresponds to the 

20 0 
1 

FIG. 5.3. Plots of Im(1) for the transverse (a) and longitudinal (b) 
structural modes. The curves with squares correspond to the eigenvalues of 
a freely vibrating plate; the curves with circles are the numerical results of 
a plate in contact with a fluid. 
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analytical values of a freely vibrating plate given by (5.2); 
the curve with the circles corresponds to the numerical 
results of an oscillating plate in contact with a viscous fluid. 
We observe that the oscillation frequencies of a freely 
vibrating plate are higher than the corresponding modes of 
a plate in contact with a fluid. This is in agreement with the 
remarks made in Section 3, where we showed that the fluid 
inertia lowers the imaginary parts of the eigenvalues of 
structural vibration modes (Eq. (3.11)). Figure 5.3b shows a 
plot of the imaginary parts of the eigenvalues corresponding 
to the longitudinal oscillation modes. The curve with 
squares denotes, once again, the eigenvalues of a freely 
vibrating solid (5.1); the curve with the circles, those of a 
solid in contact with a fluid. We observe that the eigenvalues 
of a freely vibrating solid are again higher than those of the 
solid in contact with the fluid; however, the difference 
between the curves is less than in Fig. 5.3a. The reason is 
that the fluid is only slightly affected by longitudinal vibra- 
tion modes, so that the fluid inertia term in (3.11) is small, 
resulting in Eq. (3.10). 

Let us briefly reconsider the plots in Fig. 5.le, f. Namely, 
the “wavy” shape of the solid in the case of the longitudinal 
vibration is of interest. Longitudinal vibrations of a freely 
vibrating plate do not display this transverse displacement 
super-imposed on the longitudinal motion so that the trans- 
verse displacement must be due to the presence of the fluid. 
Consider Fig. 5.le in some more deti26 Tj
0  Tr 20.79 0797 Tj
0  T 
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FIG. 5.5. Im(A) and Re(l) plotted against j in (a) and (b), 
respectively. 

fact, we found for ,!? 2 1500 that the boundary integral over 
Go could be neglected entirely without changing the eigen- 
values by more than 3 %. This might have been anticipated, 
since the energy required to displace the interface, charac- 
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terized by the boundary integral over Go, is small compared 
with the bending energy of the solid when ,!? is large. Thus, 
the question of whether or not the Tong-hypothesis may be 
applied is only important when ,!? is small. 

In the last numerical experiment we consider a problem 
which is derived from the aerospace industry. In propellant 
tanks of spacecraft and satellites one has, in a number of 
cases, placed baffles on the sides of the tank. The aim of 
the baffles is to prevent the occurrence of excessive fluid 
sloshing during lift-off and flight and to keep the eigen- 
frequencies of the liquid (in particular, those of the lowest 
anti-symmetric modes) well separated from the eigen- 
frequencies of the spacecraft, see, for example, Abramson 
[22]. Numerous baffle types and shapes exist, ranging from 
rigid perforated rings to flexible slabs. Stephens [23] found 
that the damping coefficients of free-surface modes in tanks 
with flexible baffles mounted on the sides were larger than 
those in tanks without baffles or with rigid baffles. 

FIG. 5.6. Schematic diagram of a container with baffle (a). Vector plots of a baflle vibration mode for P = 100 (b), the first anti-symmetric surface 
mode for E = 1000 (c), and B = 10’ (d). 
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Experimental tests showed that the damping coefficients 
were dependent on the rigidity of the baflle and, in fact, 
attained a maximum for a certain value of the rigidity. 

To verify these results numerically, we consider a 
rectangular elastic baffle of length L = 0.5 and thickness 
6 = 0.05, fixed to the side of a rigid container. The container 
consists of a rectangular top part and a hemispherical bot- 
tom of radius 1 (see Fig. 5.6a). For the fluid we take Re = 50 
and Poisson’s ratio is g = 0.25. We consider the eigenvalues 
of the lowest eigenmodes of the system, i.e., the first free-sur- 
face mode and the lowest vibration mode of the baffle. In 
Fig. 5.5 the values of Im(n) and Re(A) have been plotted 
against i?, for i? in the range 100 < E< 1500. The values of 
Im(n) on the curve with squares in Fig. 5.5a correspond to 
the values of Re(A) on the curve with squares in Fig. 5.5b 
and likewise for the curves with circles. The dependence on 
E of the curves of Im(L) is typical of a system with two dif- 
ferent oscillatory components, each of which depends on a 
common parameter. A branch corresponding to one type of 
modal vibrations changes over into a branch representing 
the other type of modal vibration as the common 
parameter, E in this case, is varied (cf. Schulkes [ 121). Here, 
for 8~ 500 the branch with the squares corresponds to the 
free surface modes, while for E> 1300 the branch with 
circles corresponds to free surface modes. For ,!?z 1000 we 
have coupled free-surface and baMe vibrations. If one is 
interested in maximizing the damping coefficient of the 
first anti-symmetric fluid oscillation mode, it follows from 
Fig. 5.5b that the material properties of the baffle must be 
chosen such that E% 1250. Namely, for that value of E the 
damping coefficient for the free-surface mode is - 0.4; for all 
other values of E, the coefficient is larger and approaches 
-0.2 for values of ,!? far removed from the optimum value. 
Hence by an appropriate choice of the material properties of 
the baffle, the damping coefficient of the first anti-symmetric 
eigenmode can be increased by a factor of 2. In Fig. 5.6 
vector plots are shown of a baffle vibration mode for 
E= 100 (b), and of the free-surface mode for E= 1000 (c) 
and J!?= lo5 (d). 

6. CONCLUSION 

In this paper we have studied the interaction of a viscous 
fluid with an elastic solid. In particular, we have 
investigated the eigenmodes of the coupled fluid-structure 
system. Under the assumption that the so-called Tong- 
hypothesis holds, we have shown that oscillation modes 
exist with a number of different properties. First of all there 
exist fluid-oscillation modes. These modes are characterized 
by a small deflection of the structure and a large displace- 
ment of the fluid particles. Second, there exist normal modes 
is which the structure is deflected significantly, not affecting 
the fluid to a large extent. Finally, there are modes in which 

the fluid, as well as the structure, is displaced significantly. 
The existence of all three kinds of modes is verified numeri- 
cally. 

It was shown analytically that the extent to which the 
fluid affects the eigenvalues of the solid depends on the 
inertia of the fluid displaced by the solid. In all cases the 
fluid does lower the imaginary parts of the eigenvalues of 
the structural vibrations. Numerically we find that the 
presence of the fluid can lower the imaginary parts of the 
eigenvalues corresponding to the transverse vibration 
modes by up to 50 %. Eigenvalues of the longitudinal modes 
are affected less by the presence of the fluid, due to the small 
fluid inertia term in that case. 

The validity of the Tong-hypothesis is investigated 
numerically. It is found that application of the Tong- 
hypothesis increases the magnitude of the eigenvalues of the 
normal modes. The Tong-hypothesis mostly affects the 
lowest anti-symmetric eigenvalues. Symmetric modes and 
higher oscillation modes are affected less. Taking Young’s 
modulus large enough also reduces the effect of the Tong- 
hypothesis. 

We have shown numerically that there are cases in which 
the viscosity of the fluid plays an important role. This 
applies in particular longitudinal vibrations in the solid 
which create a boundary layer in the fluid adjacent to the 
fluid-solid interface. A pressure difference along the interfa- 
cial boundary, which is the result of the fluid motion, causes 
the solid to undergo a transverse displacement. In problems 
where damping coefficients of the system are to be found, 
it is obvious that viscous effects have to be included. 
Using one example, we have shown that with the approach 
presented in this paper one is capable of calculating the 
damping coefficients of a fluid-structure system. 
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